It is shown that cross-coupling among cavities may reduce beam breakup (BBU) growth in a recirculating accelerator. The main reason for this growth reduction i; the sharing of the deflecting mode energy among coupled cavities. This result is based on a numerical study of the proof-of-principle experiment currently planned for the Spiral Line Induction Accelerator (SLIA, 35 ns, 10 kA, 8.5 MeV). Reduction of BBU amplitude by factors of several hundreds is also predicted for a SLIA Upgrade (35 ns, 10 kA, 25 Mev) which consists of a 7-turn, 70-cavity system. Various issues are addressed.
The SLIA is a hybrid between a linac and a cyclic accelerator. BBU growth would occur in the linear sections of the accelerating units where the gaps lie.
However, since the beam recirculates through the same accelerating units, albeit via different beam paths [ Fig. 1 ], there would be inevitable cross-coupling of the gaps. 4 Thus, the first gap of Arm A would couple to the first gap of Arm C, the second gap of Arm A would couple to the second gap of Arm C, etc., [Fig. 21 . In fact, there has been considerable concern that such cross-couplings would worsen BBU growth. This concern has prompted consideration of cavity designs that would minimize such cross-couplings. 5 We will assume here that the beam pipe is cut off to the propagation of the cavity modes responsible for BBU, so that the couplings illustrated in Fig. 2 are the only ones possible. Thus, cavity number 1 is coupled to (and only to) cavity 11, cavity number 2 to number 12, etc. [The twenty cavities are numbered sequentially in the order of beam encounter].
The most unusual result that we found is that the presence of cross-coupling may actually reduce BBU growth, not only for a 2-turn, 20 cavity POCE,4 but also for a 7-turn, 70 cavity Upgrade. Several reasons may be given to explain this unexpected phenomena: the relatively short pulse length treated, the sharing of the mode energy by another cavity (and therefore the reduction of beam deflection by an individual cavity), and the phase mixing associated with the detuning in the breakup mode frequencies as a result of finite (though small) coupling. This reduction of growth is observed regardless of the value of Q associated with the deflecting dipole mode. Based on this study, we conclude that BBU in the POCE of SLIA is not likely to cause beam disruption. Cross-coupling may reduce the BBU amplitude by factors of hundreds in a SLIA Upgrade.
The following assumptions have been made to reach the above conclusions. All gaps are identical, in the sense that, when isolated, each admits a deflecting mode with the same traverse shunt impedance Z and the same quality factor Q. We assume that cross-coupling would not alter these values. The beam transport between two successive gaps (including that around the bend) is modeled by 2 x 2 matrices. We consider only a continuous beam, and assume that the beam's pulse length is sufficiently short that, at any moment, the beam passes only one cavity in the cross-coupling interaction [Figs. 1, 2].
FORMULATION OF CAVITY CROSS-COUPLING AND BBU EXCITATION
When the gaps are isolated from one another, we assume that the deflecting mode may be modeled by an equivalent RLC circuit of frequency and quality factor Q. When cross-coupling between two gaps (cavities) is present, these individual RLC circuits are also coupled. The coupling of cavities has been customarily modeled6 with a mutual inductance M KL which links the RLC circuits representing the individual cavities [ Fig. 3 ]. Here, K is the dimensionless constant which measures the degree of (cross-) coupling. When the coupling is weak, K<<1.
(1)
We assume that the presence of cross-coupling does not alter the values of Q and ZI of the deflecting mode in an isolated gap. Thus, = and Q = 0RC.
When K2 << 1, the eigenfrequencies for the coupled modes shown in Fig. 3 are given by
Equation (2) shows that the coupling leads to a slight detune of the breakup mode frequency and that there are two independent modes of oscillations,7 and, therefore, that the beam needs to drive two modes (instead of one when such a coupling is absent). For the same beam deflection, the deflecting mode amplitude in a cavity would be less when K 0. This reduction in deflecting mode amplitude would in turn produce less transverse displacement of the beam. This is believed to be the reason why cross-coupling reduces BBU growth, at least within the context of the present model of cavity coupling.
We remark that the "leakage" of mode energy to another cavity (when K 0) is r1ot equivalent to an effective lowering of Q in the present model of crosscoupling. A finite Q always represents lossy processes from which energy cannot be recovered, whereas a nonzero K represents only reactive loading which does not result in any energy loss. This is obvious in the coupled circuit shown in Fig. 3 .
The formulation of beam-gap interaction follows closely those given in the BBU literature. Consider first the POCE, with beam pulse length t, relativistic mass factor y, and current I. Let x(1)(t) and p(1)(t), be respectively, the transverse displacement and the transverse momentum of a beam slice that, at time t, is about to enter the i-th accelerating gap cavity (i = 1, 2, .. .20), and f'(t) be the incremental momentum produced by the deflecting mode at thei-th We have used t to designate the time at which the beam head enters the i-th gap.
If T designates the transit time between neighboring cavities within the same arm and T the transit time to go around each bend (e.g., from cavity no. 5 to cavity Finally, for the transport matrices, we assume that, for simplicity, the However, once the beam enters the coupled cavity 11, leakage from that cavity,
although not very important, shows very clearly in the rise of the field in cavity 1. Although this field will not act on any part of the beam directly in the present configuration, it is important to evaluate it since it affects the field in cavity 11, which is itself driving the beam. This pattern shows very clearly for cavities 5 and 6. In cavity 11, another difference appears. In that cavity, when the beam enters it at t = 206, the field is non-zero since it was leaked from cavity 1 from t = 0 onward. It was thought that this non-zero field could aggravate BBU growth but it turns out that the opposite conclusion is reachednamely, that this non-zero leakage actually alleviates BBU. This apparently contradictory result will be addressed further in the next section.
As the cross-coupling constant increases, the coupling between modes in corresponding cavities increases and, as shown by relation (5), two modes would be excited and their beating give rise to much more complex time behavior. This type of behavior is evident in Fig. 6 , as an example, where K = 0.1. It is apparent, by comparing Fig. 4 and Fig. 6 , that increasing the coupling coefficient K reduces BBU growth.
The maximum beam transverse displacement at cavity 20 normalized to its initial displacement is shown as a function of K for several different cases in
Figs. 7 and 8. The effect of cross-coupling is evident. However, it becomes less important as Q decreases. This can be explained easily since for low-Q, the modes are damped much more effectively and that, by the time the beam enters a coupled cavity, the fields in that cavity will decay to a low level. Basically, a low-Q cavity is not very different from an uncoupled one and this fact is borne out by the results.
OTHER ISSUES ON CAVITY CROSS-COUPLING
In this section, we examine the generality of growth reduction by cavity cross-coupling. Specifically, we test the sensitivity to the phase of arrival of electrons at the cross-coupled cavity. We next extend the calculation to a SLIAupgrade geometry, and, finally, we vary the pulse length of the beam. [Ref. 9]. We found that BBU growth reduction always accompanies cavity cross-coupling, and this growth reduction is insensitive to the configuration if Q < 20.
We also found that, for Q < 20, the sequence of beam passage is immaterial. The results are shown in Figs. 11, 12 . There, we see that BBU growth reduction by more than two orders of magnitude is possible. It is also interesting to note that, for Q = 4, the BBU growth is insignificant for the SLIA Upgrade [ Fig. 12 ].
(c) Variable Pulse Length All of the above results have been obtained for a sufficiently short pulse beam, so that at any moment, the beam is present in, at most, one of the crosscoupled cavities. In the experiments, the pulse length t may be slightly longer than the beam transit time between the cross-coupled cavities. We have investigated the pulse length variation for the SLIA-POCE geometry only. The dependence on pulse length is quite complicated and will be published elsewhere.
Here, we simply state that growth reduction persists if the beam's pulse length does not exceed the transit time (between the cross-coupled cavities) by more than 20 per cent. For much longer beam pulse length, BBU growth is worsened by cavity eross-coupling. This is not surprising, since BBU of regenerative type is excited, in a long pulse beam, as a result of the electromagnetic feedback that is provided by the cavity cross-coupling.
(d) Applications to Linacs
Since the reduction of BBU growth by cavity cross-coupling results from the sharing of the deflecting mode energy with other identical, but "inactive" cavities, the mechanism is different from other rf cures, such as lowering of the quality factor 0 and stagger tuning. It is also independent of the focusing system. It was conjectured4 that this method of BBU control may be extended to a linac geometry, if the accelerating cavities in a linac are coupled to similar,
•but undriven cavities. BBU growth may then be reduced due to the reactive loading by these dummy cavities. Experiments on these ideas are being planned.1'
CONCLUSION
In addition to the main results stated in the Abstract, the extensive numerical data allow us to draw the following conclusions regarding the SLIA configuration:
1. BBU growth decreases with increasing cross-coupling between cavities. 2. Significant growth reduction occurs when the coupling coefficient K > a few per cent. 3. The reduction in BBU amplitude can be a factor of 100 or more. 4. Substantial growth reduction is achieved for a large range in K values and so should be readily implemented experimentally. 5. The growth reduction persists, irrespective of the phase of electron arrival at the cross-coupled cavity.
6. The growth reduction always occurs in multi-turn recirculating systems, as long as the beam's pulse length is less than the transit time between cross-coupled cavities.
Tom Genonl (prlvite communication) recently performed numerical simulations on the BBU modes in SLIA structures. He found that when two cavities with the same characteristic frequencies are coupled, splitting of the modes does appear in the spectrum in a manner described in Eq. (2). 
